Impact of multiple modes on the black-hole superradiant instability by Ficarra, Giuseppe et al.
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
King’s Research Portal 
 
DOI:
10.1103/PhysRevD.99.104019
Document Version
Publisher's PDF, also known as Version of record
Link to publication record in King's Research Portal
Citation for published version (APA):
Ficarra, G., Pani, P., & Witek, H. (2019). Impact of multiple modes on the black-hole superradiant instability.
Physical Review D, 99(10), [104019]. https://doi.org/10.1103/PhysRevD.99.104019
Citing this paper
Please note that where the full-text provided on King's Research Portal is the Author Accepted Manuscript or Post-Print version this may
differ from the final Published version. If citing, it is advised that you check and use the publisher's definitive version for pagination,
volume/issue, and date of publication details. And where the final published version is provided on the Research Portal, if citing you are
again advised to check the publisher's website for any subsequent corrections.
General rights
Copyright and moral rights for the publications made accessible in the Research Portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognize and abide by the legal requirements associated with these rights.
•Users may download and print one copy of any publication from the Research Portal for the purpose of private study or research.
•You may not further distribute the material or use it for any profit-making activity or commercial gain
•You may freely distribute the URL identifying the publication in the Research Portal
Take down policy
If you believe that this document breaches copyright please contact librarypure@kcl.ac.uk providing details, and we will remove access to
the work immediately and investigate your claim.
Download date: 09. Jul. 2020
 Impact of multiple modes on the black-hole superradiant instability
Giuseppe Ficarra*
Dipartimento di Fisica, “Sapienza” Universita` di Roma & Sezione INFN Roma1,
Piazzale Aldo Moro 5, 00185, Roma, Italy
and Department of Physics, King’s College London, Strand, London WC2R 2LS, United Kingdom
Paolo Pani†
Dipartimento di Fisica, “Sapienza” Universita` di Roma & Sezione INFN Roma1,
Piazzale Aldo Moro 5, 00185, Roma, Italy
Helvi Witek‡
Department of Physics, King’s College London, Strand, London, WC2R 2LS, United Kingdom
(Received 17 December 2018; published 10 May 2019)
Ultralight bosonic fields in the mass range of approximately ð10−20 − 10−11Þ eV can trigger a
superradiant instability that extracts energy and angular momentum from an astrophysical black hole
with massM ∼ ð5; 1010ÞM⊙, forming a nonspherical, rotating condensate around it. So far, most studies of
the evolution and end state of the instability have been limited to initial data containing only the fastest
growing superradiant mode. By studying the evolution of multimode data in a quasiadiabatic approxi-
mation, we show that the dynamics is much richer and depends strongly on the energy of the seed, on the
relative amplitude between modes, and on the gravitational coupling. If the seed energy is a few percent of
the black-hole mass, a black hole surrounded by a mixture of superradiant and nonsuperradiant modes with
comparable amplitudes might not undergo a superradiant unstable phase, depending on the value of the
boson mass. If the seed energy is smaller, as in the case of an instability triggered by quantum fluctuations,
the effect of nonsuperradiant modes is negligible. We discuss the implications of these findings for current
constraints on ultralight fields with electromagnetic and gravitational-wave observations.
DOI: 10.1103/PhysRevD.99.104019
I. INTRODUCTION
In classical general relativity, where gravity is minimally
coupled to massive bosonic fields, Kerr black holes (BHs)
can be unstable against the superradiant instability (for an
overview, see Ref. [1]). This process was discovered almost
50 years ago [2–5], but only recently it has been subject to
intense scrutiny, including rigorous mathematical proofs
[6,7]. It was realized that this instability effectively turns
astrophysical BHs into detectors of axionlike particles [8,9]
and of ultralight, beyond–standard model bosons in
general.
For a BH of mass M and an ultralight boson with mass
mB ≡ ℏμ, the instability is efficient only when the gravi-
tational coupling GMμc ∼Oð1Þ, i.e., when the Compton
wavelength of the particle is comparable to the BH radius.
Since astrophysical BHs are expected to exist at least in
the mass range ∼ð5; 1010ÞM⊙, the superradiant instability
is effective for bosons approximately in the mass
range mB ∈ ð10−20 − 10−11Þ eV, i.e., for ultralight bosons.
The latter are compelling dark-matter candidates1 and
are predicted in a multitude of beyond–standard model
scenarios [12–15].
The superradiant instability of a Kerr BH has been
investigated perturbatively for scalar fields [16–19], includ-
ing recent exploration of its phenomenological implications
[20–25], more recently for vector and tensor fields in a
small-rotation expansion [26–31], and for vector fields
around BHs with arbitrary spin in an analytical Newtonian
approximation valid for small gravitational coupling [32]
and numerically for generic values of the BH spin and
gravitational coupling [33,34], also using a novel pertur-
bation scheme [35,36]. Recently, nonlinear simulations2
of the Einstein equations minimally coupled to complex
single-mode vector fields [40–42] have confirmed the
analysis of previous quasiadiabatic and perturbative
*giuseppe.ficarra@kcl.ac.uk
†paolo.pani@roma1.infn.it
‡helvi.witek@kcl.ac.uk
1The collapse and collision of compact objects composed of
these dark-matter candidates has been studied in Refs. [10,11].
2The superradiant instability affects also Kerr BHs in asymp-
totically anti-de Sitter spacetime; see Refs. [37–39] for nonlinear
simulations in this context.
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evolution [43] (see also Ref. [44]). The latter is justified by
the long instability timescale as compared to the dynamical
timescale of the BH.
Note that in the case of complex massive bosonic fields
or, equivalently, multiple real fields such that the resulting
energy-momentum tensor respects the symmetry of the
Kerr spacetime, there exist stationary spinning BH sol-
utions surrounded by an oscillating condensate [45,46].
These solutions interpolate between boson stars and Kerr
BHs and are formed during the evolution of the super-
radiant instability of Kerr BHs against complex bosons
[40,44]. These solutions are unstable against higher-order
azimuthal modes [47] and, at least in some region of their
parameter space [48], the instability timescale is compa-
rable to that of Kerr. We deal here with a single real bosonic
field, so the only stationary BH configuration is the Kerr
metric, as guaranteed by the no-hair theorems [49,50].
The general properties of this process do not depend
strongly on the nature of the bosonic field; the fundamental
unstable mode has a frequency ωR ∼ μ (henceforth, we use
G ¼ c ¼ 1 units) and must satisfy the superradiant con-
dition, ωR < mΩH, wherem is the azimuthal number of the
perturbation and ΩH is the BH angular velocity. As a
result of the instability, a single mode with m > 0 and
arbitrarily small amplitude grows exponentially near the
BH, extracting energy and angular momentum on a time-
scale τ≡ 1=ωI ≫ M and forming a nonspherical, rotating
condensate of characteristic size rcloud ≫ M. Thus, if
ultralight bosonic fields exist in nature, they would produce
two generic signatures [1,8,9]:
(i) They would favor slowly spinning BHs over highly
spinning ones, since BHs would lose their angular
momentum over a timescale τ which can be much
shorter than the typical BH accretion rate.
(ii) They would produce a continuous gravitational-
wave (GW) signal at a frequency set by the boson
mass. The first signature translates into the existence
of “gaps” in the BH “Regge plane,” i.e., in its spin-
mass plane [9,26–28,43], whereas the second sig-
nature can be directly searched for in LIGO/Virgo
(and in the future LISA) data, both as isolated
resolvable sources [21,22,32,51–53] and through
the GW stochastic background of a population of
BH-boson condensates [54].
Most phenomenological studies so far have focused on the
idealized case in which the BH is initially surrounded by a
single-mode superradiant seed (see Ref. [9], in which the
generic setup for the evolution of multiple modes has been
lain down, althoughwithout discussing the phenomenology).
However, more realistic configurations are likely to contain a
superposition ofmodes, both superradiant (i.e., satisfying the
ωR < mΩH condition) and nonsuperradiant. This is particu-
larly important if the initial seed is due to quantum fluctua-
tions, since in that case modes with different values ofm are
expected to be produced with comparable amplitude.
Full-fledged 3þ 1 numerical simulations including the
backreaction of massive scalar [55] or vector fields
[56,57] onto the spacetime employed such multimode
initial data either through explicit superposition or mode
mixing due to the construction of metric initial data.
These simulations, furthermore, assumed the presence of
an appreciable bosonic cloud, i.e., a condensate of a few
percent of the BH mass. Those are formed naturally via
the superradiant evolution with small seeds [43]. External
effects such as a binary companion or the inspiral and
merger of two such BH-condensate systems will cause
mode mixing. The merger remnant would form in an
environment containing a single cloud with complex
multipolar structure; see, e.g., Ref. [23] for work in this
direction.
In those cases, the BH was shifted out of the super-
radiant regime by absorbing a counterrotating mode with
sufficiently large amplitude. This essentially switches off
the superradiant instability, leaving a rotating BH sur-
rounded by a slowly decaying bosonic condensate. These
results indicate that the presence of multiple modes might
crucially change the dynamics of the system. However, it
is unclear whether this conclusion would persist for
arbitrarily small initial seeds. Ideally, one wishes to follow
the nonlinear evolution of a small initial seed at least for a
few instability e-folding times, τ ∼ 106M (τ ∼ 104M), in
the most favorable cases for scalars (vectors). These types
of simulations are numerically expensive, and, hence, only
a small number of cases with timescales of ∼Oð103ÞM
were analyzed. Instead, a quasiadiabatic treatment along
the lines of Ref. [43] can provide crucial new insight into
the evolution of (multimode) massive bosonic clouds
surrounding BHs.
That is precisely the goal of this paper: study the impact
of multiple modes on the evolution of the superradiant
instability. As we shall show, the impact of an initial
mixture of nonsuperradiant and superradiant modes with
comparable amplitude depends strongly on the energy of
the initial seed and on the value of the gravitational
coupling Mμ. If this energy is initially much smaller than
the BHmass (as expected in the most natural scenarios), the
effect of multiple modes is negligible. On the other hand, if
the energy is at least a few percent of the BH mass and
Mμ ∼Oð0.1Þ, the presence of nonsuperradiant modes
might affect the evolution and quench the instability
completely. As we shall discuss, this latter scenario is
more speculative and may comprise only a small fraction of
the BH-scalar condensates expected in the Universe.
The rest of this paper is organized as follows. In Sec. II,
we introduce our setup and different multimode models and
calculate their energy and momentum fluxes. In Sec. III,
we present the quasiadiabatic evolution of our systems. We
discuss their implications for current electromagnetic and
GW-based bounds on the mass of axionlike particles in
Sec. IV. We conclude in Sec. V.
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II. SETUP
We focus on the action describing a real scalar field Ψ
with mass mB ¼ μℏ minimally coupled to gravity,
S ¼
Z
d4x
ffiffiffiffiffiffi
−g
p  R
16π
−
1
2
∂μΨ∂μΨ − μ
2
2
Ψ2

; ð1Þ
where g is the determinant of the spacetime metric gμν and
R is the Ricci curvature scalar. Minimization of this action
yields the Klein-Gordon equation ∇μ∇μΨ ¼ μ2Ψ and
Einstein’s equations coupled to the stress-energy tensor
Tμν ¼ ∂μΨ∂νΨ − 12 gμνð∂αΨ∂αΨþ μ2Ψ2Þ.
Our setup will be the same as that of Ref. [43]. In
particular, we study the quasiadiabatic evolution of the
instability, i.e., neglecting the backreaction of the scalar
field and instead employing energy balance and angular-
momentum balance arguments. Although the total mass of
the condensate can reach a few percent of the black-hole
mass, the stress-energy tensor (e.g., the energy density)
remains small, and our approximation remains valid as
shown in Ref. [43]. Furthermore, the energy balance and
angular-momentum extraction occurs over the instability
timescale, which is much longer than the BH dynamical
timescale; this justifies a quasiadiabatic evolution [43,44].
In this regime, the dynamics is governed by the scalar-field
equation on a fixed Kerr geometry, the mass and spin of
which evolve adiabatically through energy balance and
angular-momentum fluxes.
The linearized dynamics of a Klein-Gordon field on the
Kerr background with massM and spin J ¼ aM ¼ χM2 is
described by the Teukolsky equation for a spin-0 perturba-
tion, the general solution of which can be written as
Ψðt; r; ϑ;φÞ ¼ ℜ
Z
dωe−iωtþimφ0SlmωðϑÞψ lmωðrÞ

; ð2Þ
where a sum over harmonic indices ðl; mÞ is implicit and
sYlmωðϑ;φÞ ¼ sSlmωðϑÞeimφ are the spin-weighted sphe-
roidal harmonics of spin weight s, which, for s ¼ 0, reduce
to the scalar spheroidal harmonics [58]. The radial and
angular functions satisfy the following coupled system of
differential equations,
Dϑ½0S þ

a2ðω2 − μ2Þcos2ϑ − m
2
sin2ϑ
þ λ

0S ¼ 0;
Dr½ψ  þ ½ω2ðr2 þ a2Þ2 − 4aMrmωþ a2m2
− Δðμ2r2 þ a2ω2 þ λÞψ ¼ 0;
where for simplicity we omit the ðl; mÞ subscripts,
r ¼ M 
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2
p
denotes the coordinate location of
the inner and outer horizons, Δ ¼ ðr − rþÞðr − r−Þ, Dr ¼
Δ∂rðΔ∂rÞ, and Dϑ ¼ ðsin ϑÞ−1∂ϑðsin ϑ∂ϑÞ.
A. Unstable modes
Imposing appropriate boundary conditions, namely,
purely ingoing waves at the horizon and exponential decay
of the scalar field at infinity, a quasibound solution to the
above coupled system can be obtained numerically, e.g.,
using continued fractions [18,59] or a shooting method
[60]. The eigenspectrum contains an infinite, discrete set of
complex quasibound modes [61], ω ¼ ωR þ iωI . We will
consider only fundamental modes with overtone number
n ¼ 0, i.e., eigenfunctions with zero nodes. In particular,
this system admits unstable (ωI > 0) quasibound states
satisfying the superradiant condition ωR < mΩH [18,62],
with ΩH ¼ a=ð2MrþÞ being the angular velocity at the
event horizon. For these solutions, the eigenfunctions are
exponentially suppressed at spatial infinity,
ψðrÞ ∝ r
νe−
ffiffiffiffiffiffiffiffiffi
μ2−ω2
p
r
r
as r → ∞; ð3Þ
where ν ¼ Mð2ω2 − μ2Þ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − ω2
p
. In the small-coupling
limit, Mμ ≪ 1, these solutions are well approximated by
a hydrogenic spectrum [18,62] with angular dependence
governed by the spherical harmonics Ylmðθ;ϕÞ, angular
separation constant λ ≃ lðlþ 1Þ, and frequency
ω ∼ μ −
μ
2

Mμ
lþ 1

2
þ i γlm
M
ðmχ − 2μrþÞðMμÞ4lþ5; ð4Þ
where we introduced the dimensionless spin parameter
χ ¼ a=M ¼ J=M2 and the coefficient γlm is defined by the
following relation,
γlm ¼ Cl
Yl
j¼1
½j2ð1 − χ2Þ þ ðmχ − 2μrþÞ2; ð5Þ
with Cl ¼ 2
4lþ1ð2lþ1Þ!
ðlþ1Þ2lþ4 ½ l!2l!ð2lþ1Þ!2, C1 ¼ 1=48 for the domi-
nant unstable l ¼ 1mode. From Eq. (4), it is clear that these
modes become unstable (ωI > 0) whenever ωR < mΩH,
with an instability timescale roughly given by the e-folding
time, τlm ¼ 1=ωI , which strongly depends on the gravita-
tional coupling Mμ, dimensionless spin χ, and quantum
numbers ðl; mÞ.
The critical value of the spin that saturates the super-
radiance condition reads
χ > χcrit ≡ 4mMμm2 þ 4μ2M2 : ð6Þ
In particular, for positive frequencies and spin, m > 0 (i.e.,
a mode corotating with the BH) is a necessary but not
sufficient condition for the instability.
In the small-Mμ limit, the radial eigenfunctions read
[16,43,63]
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ψðr; μ; χ;MÞ ∝ glðrÞ; ð7Þ
where glðrÞ can be written in terms of Laguerre poly-
nomials:
glðrÞ ¼

2rMμ2
lþ 1

l
exp

−
rMμ2
lþ 1

L2lþ10

2rMμ2
lþ 1

: ð8Þ
The eigenfunction peaks at
rcloud ∼
lðlþ 1Þ
ðMμÞ2 M ð9Þ
and thus extends well beyond the horizon, where rotation
effects can be neglected.
B. Multiple modes
Using an ansatz of the form (2), we consider a generic
superposition of monochromatic modes as
Ψ ¼
X
lm
AlmglðrÞ cosðmϕ − ωRtÞPlmðcos θÞ; ð10Þ
where Plm are the Legendre polynomials. For concreteness,
we focus on the lowest-lying modes with the shortest
absorption or instability timescales beyond the l ¼ m ¼ 1
mode and consider three different cases (cf. Table I),
Ψ ¼ Ψ11 þ A1−1g1ðrÞ cosðϕþ ωRtÞ sin θ; ð11Þ
Ψ ¼ Ψ11 þ A22g2ðrÞ cosð2ϕ − ωRtÞ sin2 θ; ð12Þ
Ψ ¼ Ψ11 þ A21g2ðrÞ cosðϕ − ωRtÞ cos θ sin θ; ð13Þ
where Ψ11 ¼ A11g1ðrÞ cosðϕ − ωRtÞ sin θ. The first case
above (dubbed model I) corresponds to the superposition of
two modes with l ¼ 1 and m ¼ 1. The second one
(dubbed model II) corresponds to two modes with
l ¼ m ¼ 1, 2, whereas the third case (dubbed model III)
corresponds to the superposition of two modes with the
same m ¼ 1 but l ¼ 1, 2. Note that ωR ∼ μ for all modes
when Mμ≪ 1.
It is convenient to express the initial amplitudes Alm in
terms of the total mass of the condensate and the relative
amplitude between modes. By introducing the scalar-
condensate mass computed in the flat-spacetime approxi-
mation (justified in the Mμ ≪ 1 limit [43,44]),
MS ¼
Z
−T00r2 sin θdrdθdϕ; ð14Þ
we obtain
A211 ¼
1
32πð1þ λ21Þ

MS
M

ðMμÞ4; ð15Þ
A211 ¼
1
32πð1þ 81λ22Þ

MS
M

ðMμÞ4; ð16Þ
A211 ¼
1
8πð4þ 81λ23Þ

MS
M

ðMμÞ4 ð17Þ
for the above three cases, respectively, where we have
introduced the relative amplitudes
λ1 ¼
A1−1
A11
; λ2 ¼
A22
A11
; λ3 ¼
A21
A11
: ð18Þ
Thus, each initial state is defined by MS and by one of the
λi’s, with λi → 0 being the single l ¼ m ¼ 1 mode limit.
C. Energy balance and angular-momentum fluxes
1. GW emission from the scalar condensate
The scalar condensate is a source of GWs. Even though
the cloud is nonrelativistic, the quadrupole approximation
does not apply because the emission is incoherent [43,63].
Indeed, a dipolar scalar condensate would emit quadrupolar
GWs at a frequency ω ¼ 2ωR ∼ 2μ, the wavelength of
approximately 1=ω of which is generally smaller than the
size of the source, rcloud. Thus, computing the GWemission
requires a fully relativistic computation using the
Teukolsky formalism [43,63]. This is performed in the
Appendix A; we report the final result here.
For model I (l ¼ 1, m ¼ 1), we get
_EGW ¼
1
160
1þ λ41
ð1þ λ21Þ2

MS
M

2
ðMμÞ14; ð19Þ
_JGW ¼
1
160ωR
1 − λ21
1þ λ21

MS
M

2
ðMμÞ14; ð20Þ
for the GW energy balance and angular-momentum fluxes,
respectively. Clearly, if λ1 → 0, both expressions reduce to
those of the single-mode case with l ¼ m ¼ 1 [43]. In the
opposite limit, λ1 ≫ 1, the m ¼ −1 mode dominates. This
corresponds to the same energy flux, but from Eq. (20), the
angular-momentum flux has the opposite sign, as expected
for a counterrotating mode. Thus, the angular-momentum
variation can be negative when λ1 > 1, i.e., when the initial
amplitude of the counterrotating mode is bigger than that of
the corotating one.
TABLE I. Initial mode configuration considered in this work.
ðl; mÞ
Model Mode 1 Mode 2 Ψ
I (1, 1) ð1;−1Þ Eq. (11)
II (1, 1) (2, 2) Eq. (12)
III (1, 1) (2, 1) Eq. (13)
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For model II (l ¼ m ¼ 1, 2), we get
_EGW ¼
1
160ð1þ 81λ22Þ2

MS
M

2
ðMμÞ14; ð21Þ
_JGW ¼
1
160ωRð1þ 81λ22Þ2

MS
M

2
ðMμÞ14: ð22Þ
In this case, the angular-momentum variation is always
positive because both modes corotate with the BH. When
λ2 → 0, we retrieve the l ¼ m ¼ 1 single-mode case, while
for λ2 →∞, both expressions are suppressed to leading
order in Mμ ≪ 1.
Finally, for model III (m ¼ 1, l ¼ 1, 2), we get
_EGW ¼
1
10ð4þ 81λ23Þ2

MS
M

2
ðMμÞ14; ð23Þ
_JGW ¼
1
10ωRð4þ 81λ23Þ2

MS
M

2
ðMμÞ14: ð24Þ
Again, as λ3 → 0, we obtain the single-mode case, whereas
if λ3 → ∞, both expressions are suppressed to leading
order inMμ≪ 1. We always neglect the GWenergy flux at
the horizon, which is typically subdominant [64].
2. Superradiant evolution of the scalar condensate
In the quasiadiabatic approximation, we assume that
the energy balance and angular-momentum fluxes of the
condensate at the BH horizon ( _ES; _JS) are entirely con-
verted into the growth of the total scalar-cloud mass and
angular momentum [43]
_ES ¼ _MS; ð25Þ
_JS ¼ _LS; ð26Þ
where LS is the z component of the angular momentum
of the cloud. The computation of _MS and _LS is performed
in Appendix B. The procedure can be summarized as
follows.
(i) Include an adiabatic time dependence Alm →
Almet=τlm in the expression for the eigenfunction
Ψ; Eq. (10). Note that this yields a time dependence
of the relative amplitudes λi; cf. Eq. (18) and
Eqs. (33)–(35) below.
(ii) Compute MSðtÞ and LSðtÞ and their corresponding
time derivative in the ωI ≪ ωR limit.
(iii) Average the final result over several orbital periods,
T ¼ 2π=ωR, of the scalar cloud.
We report the final result here.
For model I (l ¼ 1, m ¼ 1), we obtain
h _ESi ∼ 2MS
ω11 þ λ21ω1−1
1þ λ21
ð27Þ
h _JSi ∼ 2
MS
μ
ω11 − λ21ω1−1
1þ λ21
; ð28Þ
where h…i is the time average over several orbital periods
and we defined ωlm ≡ ωI for a given ðl; mÞ. As discussed in
detail below, a crucial point is that h _ESi < 0 when λ1 is
sufficiently large, because ω1−1 < 0.
For model II (l ¼ m ¼ 1, 2), we obtain
h _ESi ∼ 2MS
ω11 þ 81λ22ω22
1þ 81λ22
ð29Þ
h_JSi ∼ 2
MS
μ
ω11 þ 162λ22ω22
1þ 81λ22
: ð30Þ
Finally, for model III (m ¼ 1, l ¼ 1, 2), we obtain
h _ESi ∼ 2MS
4ω11 þ 81λ23ω21
4þ 81λ23
ð31Þ
h _JSi ∼
1
μ
h _ESi: ð32Þ
For a consistency check, we note that all above expressions
reduce to the expected limits when λi → 0 or λi → ∞.
In the adiabatic approximation, the time dependence of
λi can be obtained from Eq. (18) and reads
λ1ðtÞ ¼ λ1ð0Þeðω1−1−ω11Þt; ð33Þ
λ2ðtÞ ¼ λ2ð0Þeðω22−ω11Þt; ð34Þ
λ3ðtÞ ¼ λ3ð0Þeðω21−ω11Þt: ð35Þ
III. QUASIADIABATIC EVOLUTION
We are now in the position to study the quasiadiabatic
evolution of the BH-scalar condensate in the presence of
multiple modes. Using conservation of the total energy and
angular momentum, the evolution of the system is
described by [43]
8>><
>>:
_M þ _MS ¼ − _EGW
_J þ _LS ¼ −_JGW
_M ¼ −h _ESi
_J ¼ −h _JSi
: ð36Þ
We integrated this simple set of ordinary differential
equations (ODEs) using MATHEMATICA with its built-in
NDSOLVE function. Using the first relation of Eq. (36), we
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define the residuals of this procedure as Residuals≡
_M þ _MS þ _EGW. We varied the working precision of the
NDSOLVE function, which corresponds to changing the
resolution of the numerical scheme, and verified that the
residuals verified that the residuals remain below 10−17. At
variance with Ref. [43], in Eqs. (36), we neglected mass
and angular-momentum accretion by ordinary matter (e.g.,
from an accretion disk), since the latter play a marginal role
in the evolution of the system and are not crucial for our
purposes. Indeed, accretion simply introduces an extra
timescale in the problem, associated with the Salpeter
time, τaccretion ∼ σT=ð4πmpÞ ∼ 4.5 × 107 yr, where σT and
mp are the Thompson cross section and the proton mass,
respectively. The BH mass and spin grow through accretion
approximately over this timescale. Thus, a slowly spinning
BH that does not satisfy the superradiant condition can be
brought into a superradiant phase through accretion [43].
Here, for simplicity, we consider only systems which at
t ¼ 0 satisfy the superradiant condition; including accre-
tion is a straightforward extension that should not affect our
overall conclusion. Within our framework, the evolution
depends on the dimensionless parametersM0μ≡Mðt¼0Þμ,
χ0 ≡ χðt ¼ 0Þ, where χðtÞ≡ JðtÞ=MðtÞ2 is the dimension-
less BH spin parameter, and λi;0 ≡ λiðt ¼ 0Þ (with i ¼ 1, 2,
3 depending on the model), as well as on the initial scalar-
cloud mass MS0 ≡MSðt ¼ 0Þ. The initial angular momen-
tum of the cloud, LS0 ≡ LSð0Þ, is determined in terms of
MS0, λi;0, and χ0, as discussed in Appendix B.
For concreteness,3 we choose to present the numerical
results in this section for a BH with mass M0 ¼ 107 M⊙
and consider different cases (see also Table II):
(i) Case A: The scalar field has a massmB ¼ 10−18 eV,
corresponding to an initial gravitational coupling
M0μ ∼ 0.075. The initial BH spin is either χ0 ¼ 0.8
or χ0 ¼ 0.95. In both cases, the BH is initially in a
superradiant state, ΩH > μ=m. The initial seed has
MS0 ¼ 10−9M0. This is representative for the case
MS0 ≪ M0, which includes seeds due to quantum
fluctuations.
(ii) Case B: This is same as case A above but for a seed
with larger initialmassMS0 ¼ 0.025M0,which should
model a seed of astrophysical origin, since the energy
of the perturbation is a sizeable fraction of the initial
BHmass. These configurations are expected, e.g., if an
appreciable scalar cloud is already present when the
BH forms or if each of the components of a coalescing
BH binary are endowed with a scalar cloud.
(iii) Case C: This is same as case B above but for a scalar
field with slightly larger mass, mB ¼ 4 × 10−18 eV,
corresponding to an initial gravitational coupling
M0μ ∼ 0.3. In this case, we set the initial spin to
χ0 ¼ 0.95 in order to satisfy the superradiant con-
dition initially.
Case A was chosen to agree with the case considered in
Ref. [43], whereas case C is representative of the initial data
evolved numerically in Ref. [55]. Note that this case is only
marginally consistent with our small-coupling approxima-
tion, Mμ ≪ 1. In all cases, the BH and boson-field masses
correspond to a range that will be accessible by future LISA
observations [32,51,52,54].
A. Model I: l = 1 with m =  1
1. Case A: Small initial seed
A representative example of the evolution for model I in
case A is presented in Fig. 1. In this case, the evolution is
insensitive to the presence of a nonsuperradiant unstable
mode, even if the latter has initially a much larger
amplitude than the superradiant mode [e.g., λ1ð0Þ ¼ 10].
This is due to Eq. (33); since ω1−1 < 0 for a nonsuperra-
diant mode and ω11 > 0 for the superradiant one, the
relative amplitude λ1ðtÞ decreases exponentially over a
timescale of approximately 1=ðω1−1 − ω11Þ. The evolution
is then only affected by the superradiant mode and proceeds
as in the l ¼ m ¼ 1 single-mode case [43]. For the chosen
parameters we find τ11 ∼ 7 × 106 yr which is consistent
with the exponential growth of the condensate at t > 107 yr
shown in Fig. 1. In this particular case, the condensate
extracts about 4% of the initial BH mass. However, its
energy density, and hence its backreaction, is negligible
[43] so that it dissipates on a longer timescale through GW
emission. An estimate for the latter timescale is
τGW ∼
MmaxS
_EGW
∼ 6 × 1013 yr; ð37Þ
in agreement with the late-time behavior shown in Fig. 1.
2. Case B: Large initial seed, small coupling
The impact of a nonsuperradiant mode is stronger when
the initial seed has a larger amplitude, as illustrated in
Fig. 2. There, we show the evolution of model I for fixed
λ1;0 ¼ 1 and different initial scalar-cloud masses MS0,
including case A and case B.
TABLE II. Configurations considered in the adiabatic evolution
for models I–III.
Case mB=eV M0=M⊙ μM0 J0=M2 MS0=M0
A 10−18 107 0.075 0.8,0.95 10−9
B 10−18 107 0.075 0.8,0.95 0.025
C 4 × 10−18 107 0.299 0.95 0.025
3The mass simply sets the scale of the problem, and we could
have chosen units such that M ¼ 1. It is straightforward
to consider different values of the BH mass by rescaling
all dimensionful quantities accordingly. For example, the evolu-
tion for mB ¼ 10−18 eV and M ¼ 107 M⊙ is equivalent to the
evolution for mB ¼ 10−12 eV and M0 ¼ 10 M⊙ after rescaling
the time coordinate by a factor 10−6.
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The case MS0 ¼ 10−9M0 corresponds to the case
λ1ð0Þ ¼ 1 shown in Fig. 1, whereas, as MS0 increases,
we observe further features. Parts of the scalar cloud are
initially absorbed by the BH, the mass of which, in turn,
grows in time. This can be understood as follows. Neglecting
for the moment GW emission, system (36) reduces to8>>><
>>>:
_M ¼ −h _ESi
_J ¼ −h _JSi
_MS ¼ h _ESi
_LS ¼ h _JSi
; ð38Þ
and therefore, when h _ESi < 0 and h_JSi < 0, the mass and
angular momentum of the condensate decrease, while the
BH mass and spin increase. From Eqs. (27) and (28), this
can never happen when λ1 ¼ 0, because in that case
h _ESi; h _JSi ∝ ω11 and the scalar fluxes are positive in the
superradiant phase (i.e., when ω11 > 0). In this case, the
instability halts as the superradiant condition is saturated
(i.e., asΩH → μ=m or, equivalently, asω11 → 0). However,
the situation is different when λ1 ≠ 0. When λ1 ≪ 1,
Eqs. (27) and (28) reduce to
h _ESi ∼ 2MS½ω11 − ðω11 − ω1−1Þλ21 þOðλ41Þ; ð39Þ
h _JSi ∼ 2
MS
μ
½ω11 − ðω11 þ ω1−1Þλ21 þOðλ41Þ; ð40Þ
and therefore the energy balance and angular-momentum
fluxes are smaller than in the single-mode case as long as
ω11 > jω1−1j.
On the other hand, if λ1;0 is sufficiently large, it might
happen that ω11 þ λ21ω1−1 < 0, and therefore the scalar
energy flux is negative; see Eq. (27). Even when this
happens, Eq. (33) shows that λ1ðtÞ decreases exponentially.
As shown in Fig. 3 (solid black curve), when the initial seed
mass is negligible, the scalar flux can be negative at t ¼ 0,
but then it turns positive (on a timescale 1=jω1−1 − ω11j) as
λ1ðtÞ → 0. Therefore, the usual superradiant evolution is
not affected by the presence of a nonsuperradiant mode as
long as the initial seed mass is small.
Larger scalar-cloud masses, however, enhance the neg-
ative energy flux. This dependence is illustrated in Fig. 3,
where we show the energy flux (rescaled by MSμ) for
λ1;0 ¼ 1 and different initial cloud masses. In particular,
clouds with intermediate values of MS0 such as case B
(green dashed line in Figs. 2 and 3) may be partly absorbed,
but despite a small increase in the BH mass and decrease of
the BH spin, the energy flux becomes positive; i.e., the
system reaches the superradiant regime. This picture
changes dramatically for larger cloud masses MS0; see,
(a) (b)
FIG. 1. Evolution of the (a) scalar-cloud mass (top panel) and
angular momentum (bottom panel) and (b) BH mass (top panel)
and spin (bottom panel) for model I, case A (small initial seeds;
cf. Table I) and different initial relative amplitudes λ1;0 ≡ λ1ð0Þ.
Note that the evolution is basically insensitive to the presence of a
nonsuperradiant mode; i.e., it depends only mildly on the relative
initial amplitude λ1;0.
(a) (b)
FIG. 2. Same as Fig. 1 for Model I, but for fixed λ1;0 ¼ 1 and
different scalar seed amplitudes parametrized by MS0. This
includes Case A (black solid line) and Case B (green dashed line).
FIG. 3. Evolution of the scalar energy flux (27), rescaled by
MSμ, for λ1;0 ¼ 1 and different inital scalar-cloud masses.
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e.g., the blue dotted line in Figs. 2 and 3. In such a case, the
negative scalar flux is significantly enhanced, a sizeable
fraction of the scalar cloud—including its counterrotating
modes—is absorbed by the BH, and the superradiant phase
can be highly suppressed or entirely absent. The details of
the evolution sensitively depend on both the initial relative
amplitude λ1;0 and scalar-cloud mass MS0.
Meanwhile, the angular momentum of the scalar cloud
grows because h _LSi remains positive [see Eq. (28)]. As a
result, the BH angular momentum decreases, irrespective of
being in the superradiant phase. Interestingly, the final BH
spin seems to be similar to the single-mode case. However,
a careful investigation of the spin evolution presented
in Fig. 5 shows that this is a coincidence. For large
enough λ1;0, the final spin depends crucially on the initial
parameters.
3. Case C: Large initial seed, large coupling
When the gravitational coupling Mμ and spin increase,
the impact of the seed mass becomes even more relevant.
As shown in Fig. 4, the presence of a counterrotating mode
with m ¼ −1 reduces the superradiant energy extraction.
For sufficiently large values of λ1;0—in the present case
λ1;0 ≥ 1—the scalar cloud never grows, since the BH
absorbs it before superradiance can kick in. At the same
time, the BH angular momentum decreases because the
absorbed energy is mostly contained in a counterrotating
mode. Comparing to the critical value χcrit ∼ 0.882 [see
Eq. (6)], we observe that the system can be driven out of the
superradiant regime early in the evolution and therefore
does not undergo a superradiant phase.
This behavior agrees with the expectation raised by
fully nonlinear simulations [55]. We show their setup
KGl_m30_a3 (cf. Table III of Ref. [55]) as the blue line
in Fig. 4. While the immediate response differs due to
nonlinear (backreaction) effects, we find excellent agree-
ment within less than 0.5% in the BH mass and spin with
the adiabatic evolution at late times.
In these cases, the final BH spin is not only driven by
superradiance but also the absorption of counterrotating
(m ¼ −1) modes. Hence, it depends on the initial param-
eters as illustrated in Fig. 5. Here, we show the final
dimensionless BH spin (relative to its initial value) as a
function of λ1;0 for different initial cloud masses MS0, for
cases A and B [Fig. 5(a)] and case C [Fig. 5(b)]. Small
perturbations (red solid lines) always yield the superradiant
evolution, i.e., BHs of which the final spin is smaller than
its initial one due to the superradiant instability independ-
ently of the presence of a counterrotating mode. The
dependence is more complex for large initial scalar clouds:
in an intermediate regime, around λ1;0 ≲ 1, accretion of
counterrotating (i.e., nonsuperradiant) modes and super-
radiant scattering compete, potentially leading to a larger
final spin. Instead, if the initial condensate is dominated by
the m ¼ −1 mode, the evolution is dominated by accretion
(a) (b)
FIG. 4. Same as Fig. 1 but for model I, case C (cf. Table II), i.e., M0μ ¼ 0.3, χ0 ¼ 0.95, MS0 ¼ 0.025, and different λ1;0. The case
λ1;0 ¼ 1 (green dashed line) has the same initial parameters as the fully nonlinear simulation of Ref. [55] indicated by “NR” (blue dotted
line). While the BH’s early response is different, we recover the same final state. Note that in the case of large relative amplitude,
λ1;0 ¼ 10 (yellow dashed lines), the scalar cloud is completely absorbed on short timescales.
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of the counterrotating component and can yield consid-
erably smaller final spins.
To summarize, our quasiadiabatic evolution for model I
reveals that the BH superradiant instability proceeds as in
the case of a single superradiant mode whenever the seed’s
energy is negligible (as in the case of quantum fluctua-
tions), whereas the dynamics and the final BH spin are
strongly affected by the addition of a nonsuperradiant mode
if the latter has a large amplitude relative to the superradiant
one and if the initial scalar cloud has a nonnegligible
energy. In some extreme cases, the absorption of the
counterrotating superradiant mode is sufficient to reduce
the BH angular momentum past the superradiant condition,
so that the instability is completely quenched.
B. Model II: l =m = 2 and l =m = 1
The phenomenology of model II is different from that of
model I. In particular, both modes can trigger the super-
radiant instability, albeit on vastly different timescales since
τ ∼ ðMμÞ4lþ5 depends strongly on l.
We first focus on case A, i.e., small initial fluctuations,
the evolution of which is presented in Fig. 6 for different
relative amplitudes λ2;0. We observe two unstable phases:
the first one occurring on a timescale 1=ω11 and the other
occurring on longer scales 1=ω22. Because of this separa-
tion in timescales, the evolution starts with the first
superradiant phase in which the scalar cloud grows and
the BH spins down. Then, the cloud is dissipated through
GW emission. Finally, the l ¼ m ¼ 2 mode becomes
unstable, and the scalar cloud grows again, with the BH
spin further decreasing since the superradiant threshold
μ ≈mΩ implies a smaller final spin; cf. Eq. (6).
Looking at Fig. 6, it is easy to notice that, regardless of
the value of λ2;0 ≠ 0, the end state of the system remains
unchanged; i.e., the values of the final BH spin and mass
are an attractor of the dynamics. In order to better under-
stand this effect, we study the time evolution of λ2ðtÞ,
which is shown in Fig. 7. After a first depletion occurring at
t ∼ τ11 due to the superradiant instability induced by the
l ¼ m ¼ 1 mode, λ2 undergoes an exponential divergence
at t ∼ τ22. This can be seen from the definition of λ2ðtÞ,
(a) (b)
FIG. 5. Ratio between final and initial dimensionless BH spin as a function of the initial relative amplitude λ1;0 of model I and for
different initial scalar-cloud masses MS0. Part (a) corresponds to cases A and B, i.e., has initial parameters (χ0 ¼ 0.8;M0μ ¼ 0.075).
Part (b) corresponds to case C, i.e., has (χ0 ¼ 0.95;M0μ ¼ 0.3).
(a) (b)
FIG. 6. Same as Fig. 1 but for model II (cf. Table I) and case A
(small initial seed), for different values of λ2ð0Þ. We observe a
first superradiant growth of the scalar cloud (and extraction of BH
mass and angular momentum) induced by the dipole mode,
followed by dissipation of the cloud due to GW emission. If the
quadrupole mode is present, we observe a second superradiant
phase independent of the initial relative amplitude λ2;0 ≠ 0.
IMPACT OF MULTIPLE MODES ON THE BLACK-HOLE … PHYS. REV. D 99, 104019 (2019)
104019-9
Eq. (34): At t ∼ τ11, the system reaches the superradiant
threshold of the l ¼ m ¼ 1 mode, for which ω11 ¼ 0.
Afterwards, at t ∼ τ22, the secondary mode l ¼ m ¼ 2
kicks in and takes the system to the superradiant threshold
for the m ¼ 2 mode, which is saturated when ω22 ¼ 0. In
this situation, however, ω11 becomes negative, and λ2ðtÞ
diverges.
Note that the timescale associated with GW dissipation is
much longer for l ¼ m ¼ 2 [63], which explains the long
time before the condensate disappears (not shown in Fig. 6).
For the system under consideration, these long timescales
force us to consider an evolution that lasts much longer than
the age of the Universe; see Fig. 6. However, if we would
consider a stellar-mass BH with Mð0Þ ¼ 10 M⊙, the time-
scales would be 106 times smaller, since all dimensionful
quantities scale with the initial BH mass. Then, also, the
secondary superradiant phase might occur within the age of
the Universe. Model II, case A is therefore a straightforward
interpolation between the case of a single mode with
l ¼ m ¼ 1 and that of a single mode with l ¼ m ¼ 2.
We now focus our attention on the influence of a larger
initial scalar cloud. Its evolution is illustrated in Fig. 8 for
various MS0 and equal initial amplitude of the l ¼ m ¼ 1
and l ¼ m ¼ 2 modes, i.e., λ2;0 ¼ 1.
As before, we observe the growth of the scalar cloud at
the expense of the BH mass and angular momentum on
timescales 1=ω11, i.e., due to the l ¼ m ¼ 1 instability. In
contrast to model I, this process is essentially independent
of the cloud’s initial mass since the influence of the
secondary mode kicks in on significantly longer timescales
1=ω22. Once the m ¼ 1 superradiant threshold is reached,
the scalar condensate dissipates via GW emission. Toward
the end of this process, after about t ∼ 1012 yr in our setup,
the BHmass increases; see Fig. 8(b). This indicates that the
scalar cloud is accreted onto the BH.
To better understand this process, let us inspect the
energy flux∼ω11 þ 81λ22ω22; see Eq. (29) and Fig. 9. Let us
also recall the difference in timescales ω11 ∼ ðMμÞ−9 ≫
ω22 ∼ ðMμÞ−13. That is, during the early evolution, ω11 > 0
dominates, thus triggering the m ¼ 1 superradiant insta-
bility where the scalar flux is positive and peaks around
τ ∼ 106 yr, as shown in Fig. 9. The scalar’s growth stops as
the superradiant threshold is reached where ω11 ¼ 0, and
the clouds start dissipating. Now, although the secondary
mode is still growing at a rate ∼1=ω22 (recall that ω22 > 0
is positive), the primary mode starts decaying with a rate
ω11 < 0. The latter can dominate and lead to a negative
scalar energy flux as shown in the inset of Fig. 9. This is
consistent with the observation of increasing BH mass in
Fig. 8(b).
In the meantime, the relative amplitude between the two
modes, λ2ðtÞ ∼ exp½ðω22 − ω11Þt, is growing exponen-
tially; see Eq. (34). So, eventually the second term in
Eq. (29), which is positive, will cancel and then dominate
over them ¼ 1 contribution. At this point, the scalar energy
flux is positive, see the inset of Fig. 9, and the BH scalar-
cloud configuration undergoes its second (i.e., m ¼ 2)
superradiant phase. It sets in after about τ ∼ 1013 −
1015 yr, with the specific onset depending on the scalar-
cloud mass; see Fig. 8(a). As expected, the scalar cloud
grows by dipping into the BHmass and angular momentum
that further decreases the final BH spin. Eventually, the
scalar cloud will dissipate via GW emission on timescales
much longer than shown in Fig. 8.
C. Model III: l = 1, 2 with m= 1
Model III is qualitatively similar to model II. In
particular, this model interpolates between the single-mode
case with l ¼ m ¼ 1 (when λ3 ≈ 0) and the single-mode
case with l ¼ 2, m ¼ 1 (when λ3 → ∞). Also in this case,
FIG. 7. Evolution of the relative amplitude λ2ðtÞ for model II
and different initial values λ2;0. Note that λ2 diverges at late times
in all cases, corresponding to the second superradiant phase of the
l ¼ m ¼ 2 mode.
(a) (b)
FIG. 8. Same as Fig. 4 but for model II (cf. Table I); i.e., we
fixed λ2;0 ¼ 1 and varied the initial scalar-cloud mass MS0. This
includes case A (black solid line) and case B (green dashed line).
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the transition occurs for large values of λ3 because
jω21j ≪ jω11j. The only qualitative difference is related
to the critical value of the spin, which is the same in both
regimes, since the modes have the same azimuthal number
m and Eq. (6) does not depend on l.
IV. IMPLICATIONS
Due to BH no-hair theorems for real bosonic fields
[49,50], the end state of the evolution must be a Kerr BH,
the condensate being eventually dissipated in GWs.
However, an interesting question concerns the final value
of the BH spin in the new stationary configuration and,
more generically, the phase space (Regge plane) of the
final BH.
Another relevant question concerns the viability of our
cases B and C, where the energy of the initial seed is a
sizeable fraction (roughly 2%) of the BH mass. This
scenario could occur if the BH is formed in a scalar-rich
environment, for example if it is formed out of the merger
of two previously scalarized BHs. The timescale for GW
dissipation of the condensate strongly depends on the
coupling [51,52,54]. For the fundamental l ¼ m ¼ 1mode,
τGW ∼ 1010

0.5
χ

M
106 M⊙

0.1
Mμ

15
yr: ð41Þ
Thus, depending on the mass and spin of the BH and on the
mass of the bosonic field, τGW can easily exceed the age of
the Universe, in agreement with Eq. (37) above. In that
case, the condensate will not have enough time to dissipate
during the coalescence, and the merger remnant will form
in an environment where the energy of the scalar field is not
negligible.
Although this scenario might be relevant only for a
fraction of sources, the majority of supermassive BHs are
believed to form via hierarchical mergers. Thus, they
constitute a sizeable fraction of the GW signal from
bosonic condensates which may potentially be detected
by LISA [52,54]. We leave a more quantitative analysis of
possible formation scenarios and event rates for future
work.
A. Spin evolution
1. Single mode
For reference, let us recall the final spin resulting from
the evolution of the single, l ¼ m ¼ 1 mode. Focusing on
the initial parameters used in our previous sections, the final
spin is χðt → ∞Þ ≈ 0.28 and χðt → ∞Þ ≈ 0.86 for case A
and case C, respectively.
2. Model I
The presence of a counterrotating mode can significantly
change the value of the final spin, and details depend on the
initial parameters. To better understand those dependencies,
we present the ratio between the final and initial spin as a
function of the initial relative amplitude in Fig. 5. They are
shown for different (initial) scalar-cloud masses and fixing
(χ0 ¼ 0.8, M0μ ¼ 0.075), i.e., model I, cases A and B
[see Fig. 5(a)], or (χ0 ¼ 0.95, M0μ ¼ 0.3), i.e., model I,
case C [see Fig. 5(b)].
If we consider only small fluctuations, this ratio remains
constant, i.e., is insensitive to the presence of a counter-
rotating mode and yields the same final spins as in the
single (l ¼ m ¼ 1) mode case reviewed above.
Similarly, the final BH spin appears independent of the
initial scalar-cloud mass MS0 as long as the relative
amplitude between counter- and corotating modes is
sufficiently small, namely, λ1;0 ≲ 0.1.
However, if the initial scalar cloud contains comparable
excitations of the m ¼ 1 modes, i.e., if λ1;0 ∼Oð1Þ, and
its mass is a few percent of the BH’s initial mass, the
dependency of the final spin is more complex. Now, the
angular-momentum flux (28) is determined by both
the superradiant m ¼ þ1 mode and the counterrotating
m ¼ −1 mode. Since ω11 > 0 and ω1−1 < 0, both modes
will increase the flux and, hence, reduce the final BH spin,
although the latter may be slightly larger than in the single
l ¼ m ¼ 1 mode case, depending on the parameters
(see Fig. 5).
As we further increase λ1;0 ≳ 10, the ratio between the
final and initial BH spin approaches a constant value (i.e.,
independent of λ1;0) that can, in fact, be smaller than the
FIG. 9. Evolution of the scalar energy flux, rescaled by the
scalar-cloud mass (and mass parameter), for model II. The first
peak corresponds to the m ¼ 1 superradiant phase. During the
following dissipation of the cloud, the m ¼ 1 mode decays with
ω11 < 0 still dominating over the secondary mode. This mani-
fests itself in a negative energy flux as shown in the inset. Only
when the secondary mode has grown sufficiently, the m ¼ 2
superradiant phase kicks in, as indicated by the second (positive)
peak in the inset.
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l ¼ m ¼ 1 case but depends strongly on the initial scalar-
cloud mass MS0. Note that the spin can actually flip sign
due to absorption of counterrotating modes, as shown
in Fig. 5a.
3. Model II
Due to the presence of a secondary superradiant mode,
the extraction of the BH spin proceeds in two stages.
The first one is caused by the dipole mode and yields the
same final BH spin as the single (l ¼ m ¼ 1) mode case
discussed above. After t ∼ 1=ω22, the system undergoes the
l ¼ m ¼ 2 superradiant phase that yields further extraction
of the BH spin. As indicated in Figs. 6 and 8, its final value
appears independent of the initial relative amplitude λ2;0 or
scalar-cloud mass MS0. This is because λ2ðtÞ will have
acquired the same value (independent of its initial one) by
the time the l ¼ m ¼ 2 mode becomes active; see Fig. 7.
For example, in the case studied here (with χ0 ¼ 0.8), the
final spin is χðt → ∞Þ ∼ 0.14.
B. Regge planes
Let us now focus on the mass-spin phase space of the
final BH encapsulated in its Regge plot. To identify it, we
performed a set of quasiadiabatic evolutions of which the
results are shown in Figs. 10–12 for models I and II,
respectively. In particular, we considered mB ¼ 10−18 eV
and 1000 configurations starting at t ¼ 0 with a random
distribution of the initial BH spin in the range χ0 ∈
ð0; 0.998Þ and masses in the range log10M0 ∈ ð6; 7.5Þ,
so that the gravitational coupling M0μ ∈ ð0.0075; 0.24Þ.
For comparison, we show the λi;0 ¼ 0 case in the top-left
panel of each plot in Figs. 10–12. Then, the final BH
configuration avoids a specific region of the Regge
plane, customarily dubbed the “Regge gap” [9]. For a
single ðl; mÞ mode, the shape of this gap is approximately
given by [43]
J
M2
≳ χcrit ∪ M ≳Mc; ð42Þ
where the critical spin χcrit is given in Eq. (6) and Mc is
the value of M that minimizes the spin when τlm ¼ tF.
An approximate formula is Mc ¼ ð lþ1Clμ4lþ6tFÞ
1
4lþ5 [43].
1. Model I
We first focus on model I of which the Regge planes are
shown in Fig. 10 for initial scalar-cloud masses MS0 ¼
10−9; 0.025; 0.05M0 and different relative amplitudes λ1;0.
For each initial configuration, we followed the evolution of
the system up to t ¼ tF ¼ 108 yr ≫ τ11.
The evolution of a system containing only small scalar
fluctuations MS0 ¼ 10−9M0, depicted in Fig. 10(a), is
largely independent of the presence of a counterrotating
mode. In particular, it exhibits the same exclusion regions
in the Regge plane as those induced by the l ¼ m ¼ 1
superradiant evolution [43].
If, instead, the scalar cloud already stores a significant
fraction of the BH’s mass—of the order of a few percent—
the spin-mass phase space of the final BH exhibits more
structure; see Figs. 10(b) and 10(c). We identify three main
features:
(i) We still find gaps in the Regge plane consistent with
those of the standard superradiant evolution. How-
ever, their onset occurs for smaller masses as the
scalar-cloud mass increases, even in the single-mode
case. This can be explained by considering that
a bigger initial value of the scalar-cloud mass
implies a larger energy flux rate via Eq. (27) and,
(a) (b) (c)
FIG. 10. BH Regge plane [9] obtained from the (adiabatic) evolution of model I, i.e., a scalar field with mass mB ¼ 10−18 eV and
containing both co- and counterrotating, l ¼ 1; m ¼ 1, modes. We considered scalar-cloud masses of (a) MS0 ¼ 10−9M0,
(b) MS0 ¼ 0.025M0, and (c) MS0 ¼ 0.05M0 and different initial relative amplitudes λ1;0. At t ¼ 0, we draw the initial BH mass
and spin from a random distribution and then follow the evolution up to t ¼ 108 yr. Each point represents the final BH mass and spin.
The shaded area is the Regge gap [9] of the single, l ¼ m ¼ 1 superradiant instability, i.e., λ1;0 ¼ 0 as computed in Ref. [43].
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consequently, a shorter instability timescale. Fur-
thermore, if λ1;0 ≳ 10, we start populating the low-
mass end of the Regge gap. This is not surprising as
the absorption of (counterrotating) modes decreases
the BH spin while increasing its mass; see,
e.g., Fig. 2.
(ii) We find additional gaps in the Regge plane, just
below the superradiant threshold, if the scalar cloud
is dominated by the m ¼ þ1 mode; see the top
panels of Figs. 10(b) and 10(c). BHs that are below
the threshold will absorb part of the predominantly
corotating cloud of which the mass is Oð1Þ% of the
BH mass. Hence, their mass and spin will increase
toward the superradiant threshold. Should they
supercede it, the superradiant instability will become
active and drive the system toward the threshold
from above. That is to say, the superradiant threshold
appears to be an attractor if the initial scalar-cloud
(a) (b)
FIG. 11. Same as Fig. 10 but for model II and (a) case A and (b) case B. We evolved the systems for tF ¼ 108 yr and different values of
the initial relative amplitude λ2;0. The grey shaded areas denote the Regge gap due to a single, l ¼ m ¼ 1 mode.
(a) (b)
FIG. 12. Same as Fig. 10 but for model II and (a) case A and (b) case B. We evolved the systems for tF ¼ 1015 yr and different initial
relative amplitudes λ2;0. The grey and red shaded areas denote the Regge gap due to a single, l ¼ m ¼ 1 and l ¼ m ¼ 2 mode,
respectively.
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mass is sufficiently large and dominated by poten-
tially superradiant (i.e., m ¼ þ1) modes.
(iii) If the initially large scalar cloud is instead dominated
by counterrotating modes, i.e., λ1;0 ≳ 10, as shown
in the bottom-right panels of Figs. 10(b) and 10(c),
these additional holes disappear. Instead, we find
BHs with a negative final spin relative to its initial
one. This can be understood as follows: BHs that
have almost vanishing initial spin will absorb the
counterrotating modes that further decrease the BHs’
spins. Interestingly, one could now view the system
containing a BH with negative spin and cloud with
m ¼ −1 modes as corotating (but in the opposite
direction as before); i.e., the situation is the same
as that of a BH with positive spin surrounded by
a m ¼ þ1 cloud. This, again, should suffer from the
superradiant instability if the BH is spun up suffi-
ciently. Indeed, the bottom-right panel of Fig. 10(c)
seems to exhibit such a new attractor line.
2. Model II
The Regge planes for model II are shown in Figs. 11 and
12 for an evolution time of tF ¼ 108 yr ≫ τ11 and
tF ¼ 1015 yr ≫ τ22, respectively. Although the latter time-
scale is larger than the age of the Universe, it allows us to
explore features in the Regge plane due to both the
l ¼ m ¼ 1 and l ¼ m ¼ 2 instability for the supermassive
BHs under consideration. Note, furthermore, that this time
scales with the BH mass. So, for a much lighter, stellar-
mass BH of Oð10ÞM⊙ (and scalar of mB ∼ 10−12 eV), we
would observe features of Fig. 12 after tF ∼ 109 yr.
The Regge plots of Fig. 11 only exhibit the l ¼ m ¼ 1
Regge gap since we evolved the systems for times that are
significantly shorter than the l ¼ m ¼ 2 instability time-
scale. If the scalar starts off as only a small fluctuation, i.e.,
case A, the Regge gaps are identical to those of the single,
l ¼ m ¼ 1 mode. That is, they are independent of the
presence of a secondary mode as shown in Fig. 11(a). The
Regge gap itself is consistent with the estimate (42).
In Fig. 11(b), we consider a larger cloud with
MS0 ¼ 0.025M0. As we already saw in model I, the onset
of the superradiant instability is shifted toward smaller BH
masses as we increase the scalar-cloud mass. In particular,
the threshold Mc is a complicated function of the param-
eters and differs from the expression below Eq. (42). As
before, we find an additional gap below the superradiant
threshold for sufficiently massive scalar clouds; see the top-
left panel of Fig. 11(b).
Let us now turn our attention to the long-time evolution
depicted in Fig. 12, where we capture both the l ¼ m ¼ 1
and l ¼ m ¼ 2 phases. For small initial seeds, depicted in
Fig. 12(a), we observe the appearance of two Regge gaps
consistent, respectively, with the l ¼ m ¼ 1 and l ¼ m ¼ 2
superradiant evolution. The details are independent of the
(initial) relative amplitude λ2;0 and appear as soon as the
secondary mode is switched on.
The Regge plane becomes more complex as we increase
the scalar cloud’s mass to a few percent of the BHmass; see
Fig. 12(b). In particular, we see the formation of a second
gap below the superradiant threshold for l ¼ m ¼ 1 if
λ2;0 ¼ 0 and below the l ¼ m ¼ 2 threshold as soon as
λ2;0 ≠ 0. Again, this can be understood as BHs that start
outside the superradiant regime but absorb mass (and
angular momentum) from the scalar cloud until they reach
the threshold. Finally, the critical mass parametrizing the
onset of the superradiant instability decreases, now for the
l ¼ m ¼ 2 case.
To summarize, even if a scalar condensate surrounding a
BH contains counterrotating or higher multipole modes, in
all cases studied here, the holes in the Regge plane persist
and yield a larger and more complex exclusion region.
V. DISCUSSION
We have investigated the evolution of the BH super-
radiant instability against ultralight scalar fields with an
initial configuration described by a superposition of modes.
We focused on the case Mμ ≪ 1, which allows for a
Newtonian description of the condensate and for a qua-
siadiabatic approximation due to the separation of scales
between the instability timescale and the dynamical time-
scale of the BH.
Our analysis shows that the evolution of the superradiant
instability in the presence of an initial superposition of
modes is very rich and diverse. The evolution of the system
depends strongly on the energy of the scalar seed and on the
gravitational coupling Mμ. If the seed energy is a few
percent of the BH mass, a BH surrounded by a mixture of
superradiant and nonsuperradiant modes with comparable
amplitudes might not even undergo a superradiant unstable
phase, depending on the value of the boson mass.
Our analysis adds to the numerical results of Refs. [55,57],
in which the authors explore the interplay between a highly
spinning BH and massive scalars or vectors composed of
multimode data and with Mμ ∼Oð0.5Þ. Indeed, our simple
adiabatic approximation in the small-Mμ limit is in remark-
ably good agreement with the evolution presented in
Ref. [55]. On the other hand, if the seed energy is much
smaller than a few percent of the BH mass—as in the most
natural and likely scenario inwhich the instability is triggered
by quantum fluctuations—the effect of nonsuperradiant
modes is negligible.
This implies that the only case in which the evolution of
the superradiant instability is affected by multiple modes is
when the BH is initially surrounded by a non-negligible
scalar environment, or if it is formed out of the coalescence
of two BHs merging with their own scalar clouds. This
latter scenario might be relevant only for a fraction of
sources, in particular for massive BHs formed out of the
merger of two BHs surrounded by their own condensates.
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In certain cases, the timescale for GW dissipation of the
condensate can exceed the age of the Universe, so a BH
might form in a scalar-rich environment. This might be
relevant for searches of ultralight fields with LISA [52,54],
since supermassive BHs are expected to form hierarchi-
cally. In these cases, the initial configuration of ultralight
fields around BHs is generically a superposition of
(superradiant and nonsuperradiant) modes, and the
initial mass of the scalar configuration might be large
enough to suppress the instability. We leave a more detailed
analysis of such a binary and event rate estimates for
future work.
Likewise, the BH Regge plane is also affected by the
presence of nonsuperradiant modes when the initial scalar
mass is a sizeable fraction of the BH mass. The pattern
of the Regge holes is more involved, and additional
forbidden regions can appear, depending on the parameters.
Interestingly, the region forbidden in the single-mode case
is also forbidden in the presence of nonsuperradiant modes;
i.e., the original Regge holes are not populated even when
the superradiant instability is absent. This is due the
absorption of large counterrotating modes which decrease
the BH spin.
Our analysis can be extended in several directions.
We have neglected mode mixing and possible transfer of
energy between modes (e.g., turbulence) which might
significantly change the overall picture. We have also
neglected scalar self-interactions which—if sufficiently
strong—are known to quench the instability and give rise
to interesting nonlinear effects such as “bosenovas”
[63,65]. Likewise, we have neglected axionlike couplings
to the electromagnetic field, which might also quench the
instability through a different channel [24,25]. We have
also neglected accretion of ordinary matter; in light of the
analysis of Ref. [43], we expect that including accretion
should be a straightforward extension that would not give a
substantial contribution to the understanding of the prob-
lem. Furthermore, although we focused on scalar fields, it is
likely that the qualitative features of the evolution will be
the same also for massive vector (Proca) and massive
tensor fields, as indicated by nonlinear simulations that will
appear soon [57].
Finally, a natural extension of our work is to investigate
whether the presence of multiple modes can also suppress
the ergoregion instability of BH mimickers [66–70], since
the latter shares [1] many features with the superradiant
instability discussed here.
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APPENDIX A: GW EMISSION FROM THE
SCALAR CONDENSATE
Owing to the separation of scales between the size of the
cloud and the BH size forMμ ≪ 1, the GWemission can be
approximately analyzed by taking the source to lie in a flat4
background [71]. Because the source is incoherent
1=ω≪ rcloud, the quadrupolar approximation fails. In the
fully relativistic regime, the gravitational radiation gener-
ated is best described by the Teukolsky formalism for
gravitational perturbations [72].
1. General two modes case: ðl;mÞ and ðl0;m0Þ
The gravitational radiation is described by the Newman-
Penrose scalar ψ4, which, in the flat-spacetime approxi-
mation, can be decomposed as
4We note that the flat-spacetime approximation yields a
different prefactor for the GW fluxes emitted from the cloud
relative to the case in which the background spacetime is
described by a Schwarzschild metric [28,71]. The difference
between the two cases is small, and we adopt here a flat-
spacetime approximation for simplicity.
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ψ4ðr; t; θ;ϕÞ ¼
X∞
j¼0
Xj
k¼−j
Z þ∞
−∞
dω
RjkωðrÞ
r4 −2
Yjkðθ;ϕÞe−iωt;
ðA1Þ
where the radial function RjkωðrÞ satizsfies the inhomo-
geneous Teukolsky equation,
r2R00jkω − 2ðr −MÞR0jkω þ ½ω2r2 − 4iωðr − 3MÞ
− ðjþ 1Þðjþ 2ÞRjkω ¼ −Tjkω: ðA2Þ
The source term Tjkω is given by [73]
Tjkω
2π
¼ 2½ðj − 1Þjðjþ 1Þðjþ 2Þ1=2r40T
þ 2½2ðj − 1Þðjþ 2Þ1=2r2Lðr3−1TÞ
þ rL½r4Lðr−2TÞ; ðA3Þ
where we have defined L≡ ∂r þ iω and
ST ≡ 12π
Z
dΩdtΘSSY¯jke
iωt; ðA4Þ
whereΘS ¼ Tnn; Tnm¯; Tm¯ m¯ for S ¼ 0;−1;−2, respectively.
The source term Tjkω is related to the scalar-field stress-
energy tensor Tμν through the tetrad projections
Tnn ¼ Tμνnμnν; ðA5Þ
Tnm¯ ≡ Tμνnμm¯ν; ðA6Þ
Tm¯ m¯ ≡ Tμνm¯μm¯ν; ðA7Þ
where
nμ ≡ 1
2
ð1;−1; 0; 0Þ; ðA8Þ
m¯μ ≡ 1ffiffiffi
2
p
r

0; 0; 1;−
i
sinϑ

: ðA9Þ
For a scalar configuration with two modes with ðl; mÞ
and ðl0; m0Þ, the contributions to the source term are given
by a sum over several active modes ðj; kÞ, defined by the
nonvanishing contributions of the integrals (A4) that are
strictly dependent on the values of ðl; mÞ and ðl0; m0Þ. The
contributions will feature two frequencies ω ¼ 2ωR, due
to the fact that Tjkω, computed through Eq. (A3), contains
only terms ∝ δðω 2ωRÞ.
Once the source term is known, the radial equation (A2)
can be solved using the Green’s function. The latter can be
found by considering two linearly independent solutions of
the homogeneous equation associated with Eq. (A2), with
the following asymptotic behavior [74],
RH →

r4e−ikr r → 0;
r3Bouteiωr þ r−1Bine−iωr r → ∞;
ðA10Þ
R∞ →

Aouteikr þ r4Aine−ikr r → 0;
r3eiωr r → ∞;
ðA11Þ
where k ¼ ω −mΩH, fA; Bgin;out are constants. Owing to
the flat-spacetime approximation, the tortoise coordinate
usually defined to deal with these kinds of problems
coincides with the standard radial coordinate.
Imposing ingoing boundary conditions at the horizon
and outgoing boundary conditions at infinity, one finds that
the solution of Eq. (A2) is given by [74]
RjkωðrÞ ¼
R∞
W
Z
r
0
dr0
RHTjkω
r4
þ R
H
W
Z
∞
r
dr0
R∞Tjkω
r4
;
ðA12Þ
where W ¼ ðR∞∂rRH − RH∂rR∞Þ=r ¼ 2iωBin is the
Wronskian, which is a constant by virtue of the homo-
geneous Teukolsky equation. From the asymptotic solution
of Eq. (A2), we find
Bin ¼ −
C1
8ω2
ðj − 1Þjðjþ 1Þðjþ 2Þeiðjþ1Þπ2; ðA13Þ
where C1 is an arbitrary constant that we set to unity
without loss of generality. The solution RH can be found
through
RH ¼ r2LðLrψHÞ; ðA14Þ
where ψH is the Regge-Wheeler function that at small
frequencies reads
ψH ∼ ωrjjðωrÞ; ðA15Þ
where jj are the spherical Bessel functions of the first kind.
At radial infinity, the solutions reads
Rjkωðr→∞Þ→
R∞
W
Z
r
0
dr0
RHTjkω
r4
≡ Z˜∞jkωr3eiωr: ðA16Þ
Since the frequency spectrum of the source Tjkω is
discrete with frequenciesω ¼ 2ωR, Z˜∞jkω can be written as
Z˜∞jkω ¼
X2
q¼1
Z∞jkqδðω − ωqÞ; ðA17Þ
where ω1 ¼ 2ωR and ω2 ¼ −2ωR. Replacing the above
equation in Eq. (A1), we obtain ψ4 at radial infinity,
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ψ4 ¼
1
r
X∞
j¼0
Xj
k¼−j
X2
q¼1
Z∞jkq−2Yjkðθ;ϕÞeiωqðr−tÞ; ðA18Þ
which can be written as
ψ4 ¼
1
2
ðḧþ − iḧ×Þ; ðA19Þ
where hþ and h× are the two independent GW polar-
izations. Then, using Eq. (A18) in the previous relation and
integrating twice with respect to the time, we obtain the
gravitational waveform:
hþ− ih×¼
2
r
X∞
j¼0
Xj
k¼−j
X2
q¼1
Z∞jkq
ω2q
−2Yjkðθ;ϕÞeiωqðr−tÞ: ðA20Þ
The energy flux carried by these waves at infinity is
given by [4]
d2E
dtdΩ
¼ lim
r→∞
X2
q¼1
r2
4πω2q
jψ4j2≡ lim
r→∞
r2
16π
ð _h2þþ _h2×Þ: ðA21Þ
Finally, combining the last two equations, we get the
energy balance and angular-momentum fluxes at radial
infinity [75],
dE
dt
≡ _EGW ¼
X∞
j¼0
Xj
k¼−j
X2
q¼1
1
4πω2q
jZ∞jkqj2; ðA22Þ
dJ
dt
≡ _JGW ¼
X∞
j¼0
Xj
k¼−j
X2
q¼1
k
4πω3q
jZ∞jkqj2: ðA23Þ
2. Particular cases
We shall now apply the above results to the three models
presented in the main text.
a. Model I
For the scalar configuration (11), the contributions to the
source term are given by ðj ¼ 2; k ¼ 2Þ with two
frequencies ω ¼ 2ωR, since Tjkω contains only terms
∝ δðω 2ωRÞ. Then, the right-hand sides of Eqs. (A22)
and (A23) take the form
X∞
j¼0
Xj
k¼−j
X2
q¼1
jZ∞jkqj2
4πω2q
¼
X2
q¼1
jZ∞22qj2 þ jZ∞2−2qj2
4πω2q
; ðA24Þ
X∞
j¼0
Xj
k¼−j
X2
q¼1
jZ∞jkqj2
4πω2q
¼
X2
q¼1
jZ∞22qj2 − jZ∞2−2qj2
2πω3q
: ðA25Þ
In this particular case, using Eq. (11) and considering the
small Mμ limit, we obtain
_EGW ¼
32π2
5
ðA411 þ A41−1ÞðMμÞ6;
_JGW ¼
1
ωR
32π2
5
ðA411 − A41−1ÞðMμÞ6:
Finally, using Eq. (15), we get Eqs. (19) and (20).
b. Model II
For the scalar configuration (12) in Eq. (A3), we have
different contributions relative to ðj ¼ 2; k ¼ 2Þ,
ðj ¼ 3; k ¼ 3Þ, and ðj ¼ 4; k ¼ 4Þ. Furthermore, the
contributions with k > 0 are ∝ δðω − 2ωRÞ, while those
with k < 0 are ∝ δðωþ 2ωRÞ. In this case, the right-hand
sides of Eqs. (A22) and (A23) become
X∞
j¼0
Xj
k¼−j
X2
q¼1
1
4πω2q
jZ∞jkqj2
¼
X4
j¼2
1
4πω21
jZ∞jj1j2 þ
1
4πω22
jZ∞j−j2j2; ðA26Þ
X∞
j¼0
Xj
k¼−j
X2
q¼1
1
4πω2q
jZ∞jkqj2
¼
X4
j¼2
j
4πω31
jZ∞jj1j2 þ
ð−jÞ
4πω32
jZ∞j−j2j2: ðA27Þ
Using Eqs. (12), (A26), and (A27) for Mμ ≪ 1, we get
_EGW ¼
32
5
A411π
2ðMμÞ6 þ 16384
1701
A211A
2
22π
2ðMμÞ8
þ 2097152
413343
A422ðMμÞ10;
_JGW ¼
32
5ωR
A411π
2ðMμÞ6 þ 8192
567ωR
A211A
2
22π
2ðMμÞ8
þ 4194304
413343ωR
A422ðMμÞ10: ðA28Þ
Finally, using Eq. (16), the above equations reduce to
_EGW ¼ CE

MS
M

2
ðMμÞ14; ðA29Þ
_JGW ¼ CJ

MS
M

2
ðMμÞ14; ðA30Þ
with
CE ¼
413343þ 2560λ22ðMμÞ2ð243þ 128λ22ðMμÞ2Þ
66134880ð1þ 81λ22Þ2
;
CJ ¼
413343þ 1280λ22ðMμÞ2ð243þ 512λ22ðMμÞ2Þ
66134880ωRð1þ 81λ22Þ2
:
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The contributions proportional to λ2 in the numerator are
subleading when Mμ ≪ 1. This implies that, in the
considered limit, _EGW; _JGW ∝ ðMS=MÞ2ðMμÞ14. In this
limit, the GW energy balance and angular-momentum
fluxes are given by Eqs. (21) and (22).
c. Model III
The stress-energy tensor corresponding to the scalar
configuration (12) in Eq. (A3) yields contributions corre-
sponding to ðj ¼ 2; k ¼ 2Þ, ðj ¼ 3; k ¼ 3Þ, and
ðj ¼ 4; k ¼ 4Þ. Again, the ones with k > 0 are
∝ δðω − 2ωRÞ, while for k < 0, they are ∝ δðωþ 2ωRÞ.
The analysis is the same as for model II above; the right-
hand sides of Eqs. (A22) and (A23) are given by Eqs. (A26)
and (A27).
Finally, considering Eqs. (13), (A26), and (A27) for
Mμ ≪ 1, we get,
_EGW ¼
32
5
A411π
2ðMμÞ6 þ 8192
5103
A211A
2
21π
2ðMμÞ8
þ 524288
2893401
A421ðMμÞ10;
_JGW ¼
32
5ωR
A411π
2ðMμÞ6 þ 4096
1701ωR
A211A
2
21π
2ðMμÞ8
þ 1048576
2893401ωR
A421ðMμÞ10: ðA31Þ
Using Eq. (17), the equations above can be written as
_EGW ¼ CE

MS
M

2
ðMμÞ14; ðA32Þ
_JGW ¼ CJ

MS
M

2
ðMμÞ14; ðA33Þ
with
CE ¼
2893401þ 1280λ23ðMμÞ2ð567þ 64λ23ðMμÞ2Þ
28934010ð4þ 81λ23Þ2
;
CJ ¼
2893401þ 640λ23ðMμÞ2ð1701þ 256λ23ðMμÞ2Þ
28934010ωRð4þ 81λ23Þ2
:
Once again, the contributions ∝ λ3 in the numerator are
subleading when Mμ ≪ 1 and can be neglected, finally
obtaining Eqs. (23) and (24).
APPENDIX B: SCALAR ENERGY BALANCE
AND ANGULAR-MOMENTUM FLUXES
AT THE HORIZON
In this section, we compute the adiabatic time variation
of the mass MS and angular momentum LS of the
condensate due to the superradiant instability.
In the Newtonian approximation, the condensate mass is
given by Eq. (14), whereas the z-component of the angular
momentum of the condensate reads
LS ¼
Z
drdθdϕr2 sin θðxT0y − yT0xÞ; ðB1Þ
where the quantity xT0y − yT0x has to be expressed in
spherical coordinates.
In order to include an adiabatic time dependence, we
make the substitution Alm → Almet=τlm in the expression
(10) of the mode Ψ. Clearly, τlm > 0 in the superradiant
phase, whereas τlm < 0 otherwise.
1. Model I: l = 1 and m=  1
We start analyzing the case of a scalar cloud described by
Eq. (11). Including the time dependence, the expression of
the scalar cloud reads
Ψ ¼ A11eω11tg1ðrÞ cosðϕ − ωRtÞ sin θ
þ A1−1eω1−1tg1ðrÞ cosðϕþ ωRtÞ sin θ; ðB2Þ
where we recall that ωlm ≡ ωI with a given value of (l, m).
Using Eq. (14), we obtain
MSðtÞ ¼
32πM
ðMμÞ4 ðA
2
11e
2ω11t þ A21−1e2ω1−1tÞ: ðB3Þ
Note that ωI ≪ ωR in the small-Mμ limit; an important
consequence of the latter is the absence of terms propor-
tional to A11A1−1 in the above formula. Using Eq. (15),
we get
MSðtÞ ¼
MSð0Þ
1þ λ21
ðe2ω11t þ λ21e2ω1−1tÞ; ðB4Þ
where MSð0Þ is the value of MS at t ¼ 0. Then, from
Eq. (25), we obtain
_ES ¼ MSð0Þ
2
1þ λ21
ðω11e2ω11t þ ω1−1λ21e2ω1−1tÞ; ðB5Þ
which can be expressed as a function of MSðtÞ, λ1 and ωlm
by isolating MSð0Þ in Eq. (B4) and replacing it in the last
expression:
_ES ¼ 2MSðtÞ

ω11e2ω11t þ λ21ω1−1e2ω1−1t
e2ω11t þ λ21e2ω1−1t

: ðB6Þ
Likewise, using Eq. (B1) for the configuration Eq. (B2),
we obtain the angular momentum of the condensate,
LS ¼
32π
M3μ5
ðA211e2ω11t − A21−1e2ω1−1tÞ ðB7Þ
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or, equivalently,
_JS ¼ 2
MSðtÞ
μ

ω11e2ω11t − λ21ω1−1e2ω1−1t
e2ω11t þ λ21e2ω1−1t

: ðB8Þ
Note that by using Eqs. (B7) and (B4), the initial angular
momentum of the cloud, LS0 ≡ LSð0Þ, is fixed in terms of
the initial massMS0 ≡MSð0Þ, the initial relative amplitude
of the modes λ10, the initial BH parametersM0 and χ0, and
the gravitational coupling M0μ.
In the quasiadiabatic approximation, there should not be
any explicit time dependence because all the quantities of
interest implicitly vary over the time evolution of the
system. To remove the explicit time dependence in
Eqs. (B6) and (B8), we can consider an average over a
time 2π=ωR ∼ 2π=μ, which is the characteristic orbital time
period of the scalar condensate,
h _ESi ¼ 2MS
Z
2π=μ
0
dt
ω11e2ω11t þ λ21ω1−1e2ω1−1t
e2ω11t þ λ21e2ω1−1t
; ðB9Þ
h_JSi ¼ 2
MS
μ
Z
2π=μ
0
dt
ω11e2ω11t − λ21ω1−1e2ω1−1t
e2ω11t þ λ21e2ω1−1t
; ðB10Þ
where MS, ω11, and ω1−1 are treated as constants.
Performing the integrals, we obtain
h _ESi ¼
MSμ
2π
½lnðe4πω11μ þ λ21e
4πω1−1
μ Þ − lnð1þ λ21Þ;
h_JSi ¼
ðω11 þ ω1−1Þh _ESi
μðω11 − ω1−1Þ
−
4MSω11ω1−1
μðω11 − ω1−1Þ
:
Finally, by expanding the above relations in the Mμ ≪ 1
limit, we obtain Eqs. (27)–(28). Note that the final result
would be the same if the averages were performed over
several orbital periods.
2. Model II: l =m= 2 and l =m= 1
We now consider the case of a scalar cloud described by
Eq. (12). After including the time dependence, the expres-
sion of the scalar condensate reads
Ψ ¼ A11eω11tg1ðrÞ cosðϕ − ωRtÞ sin θ
þ A22eω22tg2ðrÞ cosð2ϕ − ωRtÞsin2θ: ðB11Þ
Using Eq. (B1) for this configuration, we get
LS ¼
32π
M3μ5
ðA211e2ω11t þ 162A222e2ω1−1tÞ; ðB12Þ
and the same computation described above for model I
yields
_ES ¼ 2MSðtÞ

ω11e2ω11t þ 81λ22ω22e2ω22t
e2ω11t þ 81λ22e2ω22t

;
_JS ¼ 2
MSðtÞ
μ

ω11e2ω11t þ 162λ22ω22e2ω22t
e2ω11t þ 81λ22e2ω22t

:
In this case, the time average gives
h _ESi ¼
MSμ
2π
½lnðe4πω11μ þ 81λ22e
4πω22
μ Þ − lnð1þ 81λ22Þ;
ðB13Þ
h_JSi ¼ MS
f4πω11ω22 þ ðω11 − 2ω22Þμ½lnðe
4πω11
μ þ 81λ22e
4πω22
μ Þ − lnð1þ 81λ22Þg
2πμðω11 − ω22Þ
: ðB14Þ
Finally, by expanding the above relations in the Mμ ≪ 1
limit, we obtain Eqs. (29)–(30).
3. Model III: l = 1, 2 with m= 1
At last, let us consider the case of a scalar cloud
described by Eq. (13). In this case, the scalar condensate
reads
Ψ ¼ A11eω11tg1ðrÞ cosðϕ − ωRtÞ sin θ
þ A21eω21tg2ðrÞ cosðϕ − ωRtÞ cos θ sin θ; ðB15Þ
and we obtain
_ES ¼ 2MSðtÞ

4ω11e2ω11t þ 81λ32ω21e2ω21t
4e2ω11t þ 81λ23e2ω21t

; ðB16Þ
_JS ¼
1
μ
_ES: ðB17Þ
The last relation is expected because both modes have
m ¼ 1. In this case, it is sufficient to average Eq. (B16),
h _ESi ¼
MSμ
2π
½lnð4e4πω11μ þ 81λ23e
4πω21
μ Þ − lnð4þ 81λ23Þ
h _JSi ¼
1
μ
h _ESi:
Again, by expanding the above relations in the Mμ ≪ 1
limit, we finally obtain Eqs. (31)–(32).
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